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We prove exactly that the squared entanglement of formation, which quantifies the bipartite entanglement,
obeys a general monogamy inequality in an arbitrary multiqubit mixed state. Based on this kind of exotic
monogamy relation, we are able to construct two sets of useful entanglement indicator: the first one can detect
all genuine multiqubit entangled states even in the case of the two-qubit concurrence and n-tangles being zero,
while the second one can be calculated via quantum discord and applied to multipartite entanglement dynamics.
Moreover, we give a computable and nontrivial lower bound for multiqubit entanglement of formation.
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For multipartite quantum systems, one of the most impor-
tant properties is that entanglement is monogamous [1], which
implies that a quantum system entangled with another system
limits its entanglement with the remaining others [2]. For en-
tanglement quantified by the squared concurrence [3], Coff-
man, Kundu, and Wootters (CKW) proved the first quantita-
tive relation [4] for three-qubit states, and Osborne and Ver-
straete proved the corresponding relation forN -qubit systems,
which reads [5]
C2A1|A2···AN − C2A1A2 − C2A1A3 · · · − C2A1AN ≥ 0 (1)
Similar inequalities were also generalized to Gaussian sys-
tems [6, 7] and squashed entanglement [8, 9]. As is known,
the monogamy property can be used for characterizing the en-
tanglement structure in many-body systems [4, 10]. A gen-
uine three-qubit entanglement measure named “three-tangle”
was obtained via the monogamy relation of squared con-
currence in three-qubit pure states [4]. However, for three-
qubit mixed states, there exists a special kind of entangled
state that has neither two-qubit concurrence nor three-tangle
[11]. There also exists a similar case for N -qubit mixed
states [12]. To reveal this critical entanglement structure other
exotic monogamy relations beyond the squared concurrence
may be needed.
On the other hand, from a practical viewpoint, to calculate
the entanglement measures appeared in the monogamy rela-
tion is basic. Unfortunately, except for the two-qubit case [3],
this task is extremely hard (or almost impossible) for mixed
states due to the convex roof extension of pure state entangle-
ment [13]. Quantum correlation beyond entanglement (e.g.,
the quantum discord [14, 15]) has recently attracted consider-
able attention, and various efforts have been made to connect
quantum discord to quantum entanglement [16]. It is natural
to ask whether or not the calculation method for quantum dis-
cord can be utilized to characterize the entanglement structure
and entanglement distribution in multipartite systems.
In this Letter, by analyzing the entanglement distribution
in multiqubit systems, we prove exactly that the squared en-
tanglement of formation [3] is monogamous in an arbitrary
multiqubit mixed state. Furthermore, based on the exotic
monogamy relation, we construct two sets of useful indica-
tors overcoming the flaws of concurrence, where the first one
can detect all genuine multiqubit entangled states and be uti-
lized in the case when the concurrence and n-tangles are zero,
while the second one can be calculated via quantum discord
and applied to a practical dynamical procedure. Finally, we
give a computable and nontrivial lower bound for multiqubit
entanglement of formation.
General monogamy inequality for squared entanglement of
formation. – The entanglement of formation in a bipartite
mixed state ̺AB is defined as [13, 17],
Ef (̺AB) = min
∑
i
piEf (|ψi〉AB), (2)
where the minimum runs over all the pure state decomposi-
tions {pi, |ψi〉AB} and Ef (|ψi〉AB) = S(ρiA) is the von Neu-
mann entropy of subsystem A. For a two-qubit mixed state
ρAB , Wootters derived an analytical formula [3]
Ef (ρAB) = h(
1 +
√
1− C2AB
2
), (3)
where h(x) = −xlog2x − (1 − x)log2(1 − x) is the binary
entropy and CAB = max{0,
√
λ1 −
√
λ2 −
√
λ3 −
√
λ4} is
the concurrence with the decreasing nonnegativeλis being the
eigenvalues of the matrix ρAB(σy ⊗ σy)ρ∗AB(σy ⊗ σy).
A key result of this work is to show exactly that the bi-
partite entanglement quantified by the squared entanglement
of formation E2f obeys a general monogamy inequality in an
arbitrary N -qubit mixed state, i.e.,
E2f (ρA1|A2···An)−E2f (ρA1A2)− · · ·−E2f (ρA1An) ≥ 0, (4)
whereE2f (ρA1|A2···An) quantifies the entanglement in the par-
tition A1|A2 · · ·An (hereafter n = N for qubit cases), and
E2f (ρA1Aj ) quantifies the one in the two-qubit system A1Aj .
Under two assumptions, a qualitative analysis on three-qubit
pure states was given in Ref. [18]. Before showing the general
inequality, we first give the two propositions, whose analytical
proofs are presented in the Supplemental Material [19].
2Proposition I: The squared entanglement of formation
E2f (C
2) in two-qubit mixed states varies monotonically as a
function of the squared concurrenceC2.
Proposition II: The squared entanglement of formation
E2f (C
2) is convex as a function of the squared concurrence
C2.
We now analyze the monogamy property of E2f in an N -
qubit pure state |ψ〉A1A2···An . According to the Schmidt de-
composition [20], the subsystem A2A3 · · ·An is equal to a
logic qubit A2···n. Thus the entanglement Ef (A1|A2 · · ·An)
can be evaluated using Eq. (3), leading to
E2f (C
2
A1|A2···An)
≥ E2f (C2A1A2 + · · ·+ C2A1An)
≥ E2f (C2A1A2) + E2f (C2A1A3) + · · ·+ E2f (C2A1An), (5)
where we have used the two propositions, with the details pre-
sented in [19].
At this stage, most importantly, we prove that the squared
entanglement of formation E2f is monogamous in an arbi-
trary N -qubit mixed state ρA1A2···An . In this case, the an-
alytical Wootters formula in Eq. (3) cannot be applied to
Ef (ρA1|A2···An), since the subsystem A2A3 · · ·An is not a
logic qubit in general. But, we can still use the convex roof
extension of pure state entanglement as shown in Eq. (2).
Therefore, we have
Ef (ρA1|A2···An) = min
∑
i
piEf (|ψi〉A1|A2···An), (6)
where the minimum runs over all the pure state decomposi-
tions {pi, |ψi〉}. We assume that the optimal decomposition
for Eq. (6) takes the form
ρA1A2···An =
m∑
i=1
pi|ψi〉A1A2···An〈ψi|. (7)
Under this decomposition, we have
Ef (ρA1|A2···An) =
∑
i
piEf (|ψi〉A1|A2···An) =
∑
i
E1i
E′f (ρA1Aj ) =
∑
i
piEf (ρ
i
A1Aj ) =
∑
i
Eji, (8)
where the E′f (ρA1Aj ) is the average entanglement of forma-
tion under the specific decomposition in Eq. (7) and the
parameter j ∈ [2, n]. Then we can derive the following
monogamy inequality
E2f (ρA1|A2···An)−
∑
j
E′2f (ρA1Aj )
= (
∑
i
E1i)
2 −
∑
j
(
∑
i
Eji)
2
=
∑
i
(E12i −
∑
j
Ej2i )
+2
∑
i
∑
k=i+1
(E1iE1k −
∑
j
EjiEjk) ≥ 0, (9)
where, in the second equation, the first term is non-negative
because the E2f is monogamous in pure state components, and
the second term is also non-negative from a rigorous analy-
sis shown in the Supplemental Material [19], justifying the
monogamous relation. On the other hand, for the two-qubit
entanglement of formation, the following relation is satisfied
Ef (ρA1Aj ) ≤ E′f (ρA1Aj ), (10)
since the E′f (ρA1Aj ) is a specific average entanglement un-
der the decomposition in Eq. (7), which is greater than
Ef (ρA1Aj ) in general. Combining Eqs. (9) and (10), we can
derive the monogamy inequality of Eq. (4), such that we have
completed the whole proof showing that the squared entangle-
ment E2f is monogamous in N -qubit mixed states.
Two kinds of multipartite entanglement indicator. –
Lohmayer et al [11] studied a kind of mixed three-qubit states
composed of a GHZ state and a W state
ρABC = p|GHZ3〉〈GHZ3|+ (1− p)|W3〉〈W3|, (11)
where |GHZ3〉 = (|000〉 + |111〉)/
√
2, |W3〉 = (|100〉 +
|010〉+ |001〉)/√3, and the parameter p ranges in [0, 1]. They
found that, when the parameter p ∈ (pc, p0) with pc ≃ 0.292
and p0 ≃ 0.627, the mixed state ρABC is entangled but with-
out two-qubit concurrence and three-tangle. The three-tangle
quantifies the genuine tripartite entanglement and is defined as
[4] τ(ρABC) = min
∑
i pi[C
2
A|BC(|ψiABC〉)− C2AB(ρiAB)−
C2AC(ρ
i
AC)]. It is still an unsolved problem on how to char-
acterize the entanglement structure in this kind of states, al-
though an explanation via the enlarged purification system
was given [12].
Based on the monogamy inequality ofE2f in pure states, we
can introduce a kind of indicator for multipartite entanglement
in an N -qubit mixed state ρA1A2···An as
τ
(1)
SEF (ρ
A1
N ) = min
∑
i
pi[E
2
f (|ψi〉A1|A2···An)−
∑
j 6=1
E2f (ρ
i
A1Aj )],
(12)
where the minimum runs over all the pure state decomposi-
tions {pi, |ψi〉A1A2···An}. This indicator can detect the gen-
uine three-qubit entanglement in the mixed state specified in
Eq. (11). After some analysis, we can get the optimal pure
state decomposition for the three-qubit mixed state
ρABC =
α
3
2∑
j=0
|ψj(p0)〉〈ψj(p0)|+(1−α)|W3〉〈W3|, (13)
where the pure state component |ψj(p0)〉 = √p0|GHZ3〉 −
e(2pii/3)j
√
1− p0|W3〉 and the parameter α = p/p0 with p <
p0 ≃ 0.627. Then the indicator is
τ
(1)
SEF (ρ
A
ABC) = ατ
(1)
SEF (|ψ0(p0)〉) + (1− α)τ (1)SEF (|W 〉)
= α · sp + (1− α) · sw (14)
where sp ≃ 0.217061 and sw ≃ 0.238162. In Fig.1, we plot
the entanglement indicators τ (1)SEF , E2f (AB) + E2f (AC) and
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FIG. 1: (Color online) Entanglement indicators τ (1)SEF , E2f (AB) +
E2f (AC) and E2f (A|BC)) in comparison with the indicators τ ,
C2AB + C
2
AC and C2A|BC in Ref. [11], where the nonzero τ (1)SEF
detects the genuine three-qubit entanglement in the region.
E2f (A|BC) in comparison to the indicators τ , C2AB + C2AC
and C2A|BC calculated originally in Ref. [11]. As seen from
Fig.1, although the three-tangle τ is zero when p ∈ (0, p0),
the nonzero τ (1)SEF indicates the existence of the genuine three-
qubit entanglement. This point may also be understood as a
fact that the three-tangle τ indicates merely the GHZ-type
entanglement while the newly introduced indicator τ (1)SEF can
detect all genuine three-qubit entangled states.
For three-qubit mixed states, a state ̺ABC is called gen-
uine tripartite-entangled if any decomposition into pure states
̺ABC =
∑
i pi|ψiABC〉〈ψiABC | contains at least one genuine
tripartite-entangled component |ψiABC〉 6= |φ1〉 ⊗ |φ2〉 with
|φ1〉 and |φ2〉 corresponding to the states of a single qubit or
a couple of qubits [1]. For the tripartite entanglement indica-
tor τ (1)SEF (̺
A
ABC), we have the following lemma and the proof
can be found in the Supplemental Material [19].
Lemma 1: For three-qubit mixed states, the multipartite en-
tanglement indicator τ (1)SEF (̺AABC) is zero if and only if the
quantum state is biseparable, i.e., ̺ABC =
∑
j pjρ
j
AB⊗ρjC+∑
j qjρ
j
AC ⊗ ρjB +
∑
j rjρ
j
A ⊗ ρjBC .
When the three-qubit mixed state ̺ABC is genuine tripar-
tite entangled, its optimal pure state decomposition contains
at least one three-qubit entangled component. According to
the lemma, we obtain that τ (1)SEF (̺AABC) is surely nonzero.
For N -qubit mixed states, when the indicator τ (1)SEF (ρ
A1
N )
in Eq. (12) is zero, we can prove that there exists at most two-
qubit entanglement in the partition A1|A2 · · ·An (see lemmas
b and c in [19]) and we further have the following lemma:
Lemma 2: In N -qubit mixed states, the multipartite entan-
glement indicator
τ
(1)
SEF (ρN ) = min
∑
j
pj
∑n
l=1 τ
(1)
SEF (|ψj〉AlN )
N
(15)
is zero if and only if the quantum state is (N/2)-separable
in the form ρA1A2···An =
∑n
i1,··· ,in=1
∑
j p
{i1···in}
j ρ
j
Ai1Ai2
⊗
· · · ⊗ ρjAik−1Aik ⊗ · · · ⊗ ρ
j
Ain−1Ain
, which has at most two-
qubit entanglement with the superscript {i1 · · · in} being all
permutations of the N qubits.
According to lemma 2, whenever an N -qubit state contains
genuine multiqubit entanglement, the indicator τ (1)SEF (ρN ) is
surely nonzero. Thus this quantity can serve as a genuine
multiqubit entanglement indicator in N -qubit mixed states.
The analytical proof of this lemma and its application to an
N -qubit mixed state (without two-qubit concurrence and n-
tangles) are presented in the Supplemental Material [19].
In general, the calculation of the indicators defined in Eqs.
(12) and (15) is very difficult due to the convex roof extension.
Here, based on the monogamy property ofE2f in mixed states,
we can also introduce an alternative multipartite entanglement
indicator as
τ
(2)
SEF (ρ
A1
N ) = E
2
f (ρA1|A2···An)−
∑
j 6=1
E2f (ρA1Aj ), (16)
which detects the multipartite entanglement (under the given
partition) not stored in pairs of qubits (although this quantity
is not monotone under local operations and classical commu-
nication [19]). From the Koashi-Winter formula [8], the mul-
tiqubit entanglement of formation can be calculated by a pu-
rified state |ψ〉A1A2···AnR with ρA1A2···An = trR|ψ〉〈ψ|,
Ef (A1|A2 · · ·An) = D(A1|R) + S(A1|R), (17)
where S(A1|R) = S(A1R) − S(R) is the quantum condi-
tional entropy with S(x) being the von Neumann entropy, and
the quantum discord D(A1|R) is defined as [14, 15]
DA1|R = min{ERk }
∑
k
pkS(A1|ERk )− S(A1|R) (18)
with the minimum running over all the POVMs and the mea-
surement being performed on subsystem R. Recent studies
on quantum correlation provide some effective methods [21–
29] for calculating the quantum discord, which can be used
to quantify the indicator in Eq. (16). For all partitions, we
may introduce a partition-independent indicator τ (2)SEF (ρN ) =∑n
i=1 τ
(2)
SEF (ρ
Ai
N )/N .
We now apply the indicator τ (2)SEF to a practical dynamical
procedure of a composite system which is composed of two
entangled cavity photons being affected by the dissipation of
two individualN -mode reservoirs. The interaction of a single
cavity-reservoir system is described by the Hamiltonian [30]
Hˆ = ~ωaˆ†aˆ + ~
∑N
k=1 ωk bˆ
†
kbˆk + ~
∑N
k=1 gk(aˆbˆ
†
k + bˆkaˆ
†).
When the initial state is |Φ0〉 = (α|00〉 + β|11〉)c1c2 |00〉r1r2
with the dissipative reservoirs being in the vacuum state, the
output state of the cavity-reservoir system has the form [30]
|Φt〉 = α|0000〉c1r1c2r2 + β|φt〉c1r1 |φt〉c2r2 , (19)
where |φt〉 = ξ(t)|10〉 + χ(t)|01〉 with the amplitudes be-
ing ξ(t) = exp(−κt/2) and χ(t) = [1 − exp(−κt)]1/2.
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FIG. 2: (Color online) The indicator τ (2)SEF (ρc1c1c2r1) and its entangle-
ment components as functions of the time evolution κt and the initial
amplitude α, which detects the tripartite entanglement area and illus-
trates the entanglement distribution in the dynamical procedure.
As quantified by the concurrence, the entanglement dynam-
ical property was addressed in Refs. [30, 31], but the mul-
tipartite entanglement analysis is mainly based on some spe-
cific bipartite partitions in which each party can be regarded
as a logic qubit. When one of the parties is not equivalent
to a logic qubit, the characterization for multipartite entan-
glement structure is still an open problem. For example,
in the dynamical procedure, although the monogamy rela-
tion C2c1|c2r1 − C2c1c2 − C2c1r1 is satisfied, the entanglement
C2c1|c2r1 is unavailable so far because subsystem c2r1 is a four-
level system and the convex roof extension is needed. For-
tunately, in this case, we can utilize the presented indicator
τ
(2)
SEF (ρ
c1
c1c2r1) = E
2
f (c1|c2r1)− E2f (c1c2)−E2f (c1r1) to in-
dicate the genuine tripartite entanglement, whereEf (c1|c2r1)
can be obtained via the quantum discord Dc1|r2 [19]. This in-
dicator detects the genuine tripartite entanglement which does
not come from two-qubit pairs. In Fig.2, the indicator and its
entanglement components are plotted as functions of the time
evolution κt and the initial amplitude α, where the nonzero
τ
(2)
SEF (c1c2r1) actually detects the tripartite entanglement area
and the bipartite components of E2f characterize the entangle-
ment distribution in the dynamical procedure. By analyzing
the multipartite entanglement structure, we can know that how
the initial cavity photon entanglement transfers in the multi-
partite cavity-reservoir system, which provides the necessary
information to design an effective method for suppressing the
decay of cavity photon entanglement.
Discussion and conclusion. – The entanglement of forma-
tion is a well-defined measure for bipartite entanglement and
has the operational meaning in entanglement preparation and
data storage [2]. Unfortunately, it does not satisfy the usual
monogamy relation. As an example, its monogamy score for
the three-qubitW state isEf (A|BC)−Ef (AB)−Ef (AC) =
−0.1818. In this Letter, we show exactly that the squared en-
tanglement E2f is monogamous, which mends the gap of the
entanglement of formation. Furthermore, in comparison to the
monogamy of concurrence, the newly introduced indicators
can really detect all genuine multiqubit entangled states and
extend the territory of entanglement dynamics in many-body
systems. In addition, via the established monogamy relation
in Eq. (4), we can obtain
Ef (ρA1|A2···An) ≥
√
E2f (ρA1A2) + · · ·+ E2f (ρA1An),
(20)
which provides a nontrivial and computable lower bound for
the entanglement of formation.
In summary, we have not only proven exactly that the
squared entanglement of formation is monogamous in N -
qubit mixed states but also provided a set of useful tool for
characterizing the entanglement in multiqubit systems, over-
coming some flaws of the concurrence. Two kinds of indica-
tor have been introduced: the first one can detect all genuine
multiqubit entangled states and solve the critical outstand-
ing problem in the case of the two-qubit concurrence and n-
tangles being zero, while the second one can be calculated via
quantum discord and applied to a practical dynamical proce-
dure of cavity-reservoir systems when the monogamy of con-
currence loses its efficacy. Moreover, the computable lower
bound can be utilized to estimate the multiqubit entanglement
of formation.
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SUPPLEMENTAL MATERIAL
I. Proof of proposition I
Proposition I: The squared entanglement of formation
E2f (C
2) in two-qubit mixed states varies monotonically as a
function of the squared concurrence C2.
Proof : This proposition holds if the first-order derivative
dE2f/dx > 0 with x = C2. According to the formula in Eq.
(3) of the main text, we have
dE2f
dx
= −ArcTanh(
√
1− x)
2
√
1− x(ln2)2 [2
√
1− xArcTanh(√1− x)
+ln(
1−√1− x
4
) + ln(1 +
√
1− x)] > 0. (1)
The details for illustrating the positivity of Eq. (1) are as fol-
lows.
The inverse hyperbolic tangent function has the form
ArcTanh(x) = ln[
√
1− x2/(1− x)], (2)
and the last two terms in Eq. (1) can be simplified as
ln(1−
√
1− x
4
) + ln(1 +
√
1− x) = ln(x
4
). (3)
Thus the first-order derivative is
dE2f
dx
= T1 · T2 · T3, (4)
in which
T1 = −1/[2
√
1− x(ln2)2],
T2 = ln[
√
x/(1−√1− x)],
T3 = 2
√
1− xln[√x/(1−√1− x)] + ln(x/4), (5)
respectively. Due to x ∈ (0, 1), it is obvious that the term
T1 < 0. For the term T2, we have
√
x > x and
√
1− x >
1− x, which results in
x > 1−√1− x ⇒ √x > 1−√1− x
⇒
√
x
1−√1− x > 1. (6)
Therefore, the second term T2 in Eq. (4) is positive. For the
third term, we have
T3 = 2
√
1− xln(
√
x
1−√1− x) + ln(
x
4
)
< 2ln(
√
x
1−√1− x ) + ln(
x
4
)
= ln[ x/2
1−√1− x ]
2 < 0, (7)
where, in the first inequality, we use the property
√
1− x < 1,
and the last inequality is satisfied due to x/2 < 1 − √1− x.
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FIG. 1: (Color online)The factor M is plotted as a function of x,
which is monotonically increasing in the region x ∈ (0, xc) and
decreasing in the region x ∈ (xc, 1) with the critical value xc =
4/e3 ≃ 0.199.
Since T1 < 0, T2 > 0 and T3 < 0, the first-order derivative
in Eq. (1) is positive. Combining the fact with that x = 0
corresponds to the minimum E2f = 0 and x = 1 corresponds
to the maximum E2f = 1, we get that E2f is a monotonically
increasing function of x, which completes the proof of the
proposition.
II. Proof of proposition II
Proposition II: The squared entanglement of formation
E2f (C
2) is convex as a function of the squared concurrence
C2.
Proof : This proposition holds if the second-order derivative
d2(E2f )/dx
2 > 0. After some deduction, we have
d2(E2f )
dx2
= g(x) · {√1− xln(x/4)− ArcTanh(√1− x)
×[2x− 2 + xln(x/4)]} > 0, (8)
where g(x) = 1/[4(1−x)3/2x(ln2)2] is a non-negative factor.
The detailed derivation for the above result is as follows.
In Eq. (8), when the parameter x ∈ (0, 1), the factor g(x) =
1/[4(1− x)3/2x(ln2)2] is positive. In this case, the positivity
of d2(E2f )/dx2 is equivalent to
M(x) > 0, (9)
where M(x) = √1− xln(x/4) − ArcTanh(√1− x)[2x −
2+xln(x/4)]. In order to analyze the sign ofM, we study its
monotonic property. The first-order derivative of M has the
form
dM(x)
dx
= −ArcTanh(√1− x)[3 + ln(x
4
)]
= η1 · η2, (10)
where the parameters are
η1 = −ln[(1 +
√
1− x)/√x],
η2 = 3 + ln(
x
4
), (11)
respectively. Since x ∈ (0, 1), we have the factor η1 < 0.
Therefore, according to Eq. (10), the function M(x) in-
creases monotonically when the factor η2 < 0 , and it de-
creases monotonically for the case η2 > 0. This property is
shown in Fig.1, and the maximal value of M(x) corresponds
to the critical point xc = 4/e3 ≃ 0.199.
Now, we analyze two endpoints ofM for x = 0 and x = 1.
When x = 0, we can deduce
lim
x→+0
M(x) = lim
x→+0
{√1− xln(x
4
)
−ln(1 +
√
1− x√
x
)[2x− 2 + xln(x
4
)]}
= lim
x→+0
[ln(x
4
)− ln(1 +
√
1− x√
x
)× (−2)]
= lim
x→+0
ln[ (1 +
√
1− x)2
4
]
= 0, (12)
where in the second equation we have used the property
limx→+0 xln(x/4) = 0. For the other endpoint x = 1, we
can get M(1) = 0. Combining it with the monotonic prop-
erties of M, we can find M(x) > 0, which is equivalent to
d2(E2f )/dx
2 > 0 in the region x ∈ (0, 1).
Furthermore, we analyze the value of second-order deriva-
tive d2(E2f )/dx2 at the endpoints. When x = 0, we can get
lim
x→+0
d2(E2f )
dx2
= lim
x→+0
g(x) · M(x)
= lim
x→+0
−ln(1+
√
1−x√
x
)[3 + ln(x4 )]
2(2− 5x)√1− x(ln2)2
=
1
4(ln2)2
lim
x→+0
{[ln( 4
x
)− 3]
×ln(1 +
√
1− x√
x
)}
= ∞. (13)
On the other hand, when x = 1, we have
lim
x→1
d2(E2f )
dx2
= lim
x→1
[ln( 4x)− 3]ln(1+
√
1−x√
x
)
2(2− 5x)√1− x(ln2)2
= lim
x→1
[
3− ln4− ln( 1x)− 2
√
1− xln(1+
√
1−x√
x
)
6x(5x− 4)(ln2)2 ]
=
3− ln4
6× (ln2)2
≈ 0.55979. (14)
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FIG. 2: (Color online) The second-order derivative d2(E2f )/dx2 is
plotted as a function of x, which is positive and the two endpoints
value are ∞ and 0.55979, respectively.
Thus, we have shown the second-order derivative
d2(E2f )/dx
2 > 0 in the whole region x ∈ [0, 1], and
then complete the proof of proposition II. In Fig.2, the
derivative is plotted as a function of x, which illustrates our
result.
III. Proof for the inequalities in Eq. (5)
According to the proposition I in the Letter, we know that
the squared entanglement of formation E2f (C2) is monotoni-
cally increasing as a function of the squared concurrence C2.
Combining this property with the monogamy relation of con-
currence in Eq. (1) of the main text, we can derive the first
inequality in Eq. (5) of Letter
E2f (C
2
A1|A2···An) ≥ E2f (C2A1A2 + · · ·+ C2A1An). (15)
Here, it should be emphasized that the composite system
A1A2 · · ·An is in a pure state |ψ〉A1A2···An . The reason is
that, in a generic mixed state ρA1A2···An , the relation be-
tween the entanglement of formation Ef (A1|A2 · · ·An) and
the squared concurrence C2(A1|A2 · · ·An) can not be char-
acterized by Eq. (3) of Letter since the subsystem A2 · · ·An
is not equivalent to a logic qubit.
Furthermore, according to the proposition II that the
squared entanglement of formation E2f (C2) is convex as a
function of C2, we can derive
E2f (C
2
A1A2 + · · ·+ C2A1An)
≥ E2f (C2A1A2 + · · ·+ C2A1An−1) + E2f (C2A1An). (16)
A schematic diagram for this inequality is shown in Fig.3.
Due to the monotonic and convex property of E2f (C2), we
have the relations of gradients KN > KN−1 and KN > kn,
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FIG. 3: (Color online) A schematic diagram for the monogamy in-
equality in Eq. (16). The blue line is the squared entanglement
of formation E2f (C2) and the green line is the squared concur-
rence C2, where the gradients KN > KN−1 and KN > kn with
QN =
∑n
i=2 C
2
A1Ai
, QN−1 =
∑n−1
i=2 C
2
A1Ai
, and qn = C2A1An ,
respectively.
which give rise to
E2f (QN )− E2f (QN−1)− E2f (qn)
= KNQN −KN−1QN−1 − knqn
≥ KN(QN −QN−1 − qn)
= 0, (17)
where QN =
∑n
i=2 C
2
A1Ai
, QN−1 =
∑n−1
i=2 C
2
A1Ai
, and
qn = C
2
A1An
, respectively. By iterating the property of gradi-
ents Ki and kj , we finally have the inequality
E2f (C
2
A1A2 + · · ·+ C2A1An)
≥ E2f (C2A1A2) + E2f (C2A1A3) + · · ·+ E2f (C2A1An).(18)
Combining Eqs. (18) and (15), we can obtain the inequalities
in Eq. (5) of Letter.
IV. The second term in Eq. (9) being non-negative
In the Letter, the second term in Eq. (9) has the form
2
∑
i
∑
k=i+1
(E1iE1k −
∑
j
EjiEjk), (19)
and here we prove that it is non-negative. For any pure state
component |ψi〉 in Eq. (7) of the main text, the monogamy
property of E2f is satisfied, and we have
E12i ≥
n∑
j=2
Ej2i . (20)
8For the two arbitrary pure state components |ψi〉 and |ψk〉, we
can get
E12iE1
2
k ≥ (
n∑
j=2
Ej2i )(
n∑
p=2
Ep2k)
=
n∑
j=2
(EjiEjk)
2
+
n−1∑
p=2
n∑
q=p+1
(Ep2iEq
2
k + Eq
2
iEp
2
k)
≥
n∑
j=2
(EjiEjk)
2
+
n−1∑
p=2
n∑
q=p+1
(2EpiEpkEqiEqk)
= (
∑
j
EjiEjk)
2, (21)
where in the second inequality we have used the relation of
the perfect square trinomials
Ep2iEq
2
k + Eq
2
iEp
2
k ≥ 2EpiEpkEqiEqk. (22)
After taking the square root on both sides of Eq. (21), we have
E1iE1k ≥
∑
j
EjiEjk
⇒ E1iE1k −
∑
j
EjiEjk ≥ 0. (23)
Since |ψi〉 and |ψk〉 are two arbitrary components in Eq. (7)
of the Letter, the above relation of Eq. (23) is also satisfied for
any other components. Therefore, we can obtain
2
∑
i
∑
k=i+1
(E1iE1k −
∑
j
EjiEjk) ≥ 0, (24)
which completes our proof.
V. Proof of the lemma 1
In order to prove the lemma 1 presented in the main text,
we here first prove the following lemma.
Lemma a. For three-qubit pure states, the multipartite en-
tanglement indicator τ (1)SEF (|ψA|BC〉) is zero if and only if
the quantum state is a bipartite product state, i.e., |ψABC〉 =
|φi〉 ⊗ |φj〉 with i, j ∈ {A,B,C}.
Proof. We first prove the necessity. When the quantum state
is bipartite product, the three-qubit state has the forms:
|ψABC〉 = |φAB〉 ⊗ |φC〉
|ψABC〉 = |φAC〉 ⊗ |φB〉
|ψABC〉 = |φA〉 ⊗ |φBC〉
|ψABC〉 = |φA〉 ⊗ |φB〉 ⊗ |φC〉. (25)
It is easy to obtain τ (1)SEF (|ψA|BC〉) = E2f (|ψA|BC〉) −
E2f (ρAB)− E2f (ρAC) = 0 for these product states.
We next show the sufficiency. It is a fact that when the
indicator τ (1)SEF (|ψA|BC〉) is zero, there is at most one nonzero
two-qubit concurrence in the three-qubit pure state. This is
because that, if C2AB > 0 and C2AC > 0, we have
E2f (C
2
A|BC)− E2f (C2AB)− E2f (C2AC)
≥ E2f (C2AB + C2AC)− E2f (C2AB)− E2f (C2AC)
= kA|BC(C2AB + C
2
AC)− kABC2AB − kACC2AC
> 0, (26)
which is contradictory to the premise τ (1)SEF = 0. Here, in
the first inequality we use proposition I , and in the third in-
equality we use proposition II with ki = E2f/C2 (as shown
in Fig.3) which results in the nonzero value of the indicator
in the case of C2AB > 0 and C2AC > 0. When both the
two-qubit concurrences are zero, we have the entanglement
E2f (A|BC) = 0, which corresponds to the product states
|ψABC〉 = |φA〉⊗|φBC〉 and |ψABC〉 = |φA〉⊗|φB〉⊗|φC〉.
In the following, we will prove that the three-qubit pure
state is a bipartite product state when the indicator is zero with
one nonzero two-qubit concurrence. Without loss of general-
ity, we assume that the concurrence CAB is nonzero. In this
case, we can obtain
Ef (|ψA|BC〉) = Ef (ρAB). (27)
According to the definition of the entanglement of formation
[1, 2], we further have
S(ρA) = min
∑
i
piS(ρ
i
A), (28)
where ρA is the reduced density matrix of subsystem A and
the minimum runs over all the pure state decompositions
ρAB =
∑
i pi|φiAB〉〈φiAB | with ρiA = trB(|φiAB〉〈φiAB |). On
the other hand, we known that the von Neumann entropy is a
strictly concave function of its input [3],
S(ρA) ≥
∑
i
piS(ρ
i
A), (29)
where the reduced density matrix ρA =
∑
i piρ
i
A. Note that
the equality holds if and only if all the state ρiA are identical
[3]. Combining Eqs. (28) and (29), we can obtain that, if ρAB
is a mixed state, all the pure state components |φiAB〉 in an
arbitrary pure state decomposition should have the identical
reduced state
ρiA = ρA. (30)
Now we prove that ρAB cannot be a mixed state by analyz-
ing the generic form of three-qubit pure states. Under local
unitary operations, the standard form of three-qubit pure state
can be written as [4]
|ψABC〉 = λ0|000〉+ λ1eiϕ|100〉+ λ2|101〉+ λ3|110〉
+λ4|111〉, (31)
9where the real number λi ranges in [0, 1] with the condition∑
λ2i = 1, and the relative phase ϕ changes in [0, π]. Its
two-qubit reduced state of subsystem AB can be expressed as
̺AB = |φ1AB〉〈φ1AB |+ |φ2AB〉〈φ2AB | (32)
with the non-normalized pure state components being
|φ1AB〉 = λ0|00〉+ λ1eiϕ|10〉+ λ3|11〉,
|φ2AB〉 = λ2|10〉+ λ4|11〉. (33)
From the requirement in Eq. (30) plus the nonzero value of
S(ρA) in the premise, we conclude that for both components
the entropy should satisfy S(ρiA) = S(ρA) > 0 . However, in
Eq. (33), the second component |φ2AB〉 is a product state and
we have S(ρ(2)A ) = 0 due to ρ
(2)
A = |1〉〈1|. This means that
the probability for |φ2AB〉 is zero and then ρAB can be written
as
ρAB = |φ1AB〉〈φ1AB | (34)
being a two-qubit pure state. Therefore, in three-qubit pure
states, when the indicator τ (1)SEF = 0 with the nonzero concur-
rence CAB the composite system has the form
|ψABC〉 = |φAB〉 ⊗ |φC〉. (35)
Similarly, for the case CAC > 0, we can derive that
|ψABC〉 = |φAC〉 ⊗ |φB〉. This completes the proof of the
lemma in three-qubit pure states.
At this stage, we prove the lemma 1 of the Letter, which is
stated as:
Lemma 1. For three-qubit mixed states, the multipartite en-
tanglement indicator τ (1)SEF (̺AABC) is zero if and only if the
quantum state is biseparable, i.e., ̺ABC =
∑
j pjρ
j
AB⊗ρjC+∑
j qjρ
j
AC ⊗ ρjB +
∑
j rjρ
j
A ⊗ ρjBC .
Proof. For three-qubit mixed states, the tripartite entangle-
ment indicator is defined as
τ
(1)
SEF (̺
A
ABC) = min
∑
i
piτ
(1)
SEF (|ψiA|BC〉), (36)
where the minimum runs over all the pure state decomposi-
tions {pi, |ψiABC〉}. For the biseparable state in the lemma,
we can obtain τ (1)SEF = 0, which proves the necessity of the
lemma. Next, we analyze the sufficiency of the lemma. When
the indicator is zero, according to the previous lemma a in
three-qubit pure states, we known that there must exist an op-
timal pure state decomposition for ̺ABC in which every pure
state component is bipartite product and has the forms shown
in Eq. (25). In the general case, this kind of three-qubit mixed
state can be written as
̺ABC =
∑
j
pjρ
j
AB ⊗ ρjC +
∑
j
qjρ
j
AC ⊗ ρjB
+
∑
j
rjρ
j
A ⊗ ρjBC (37)
which is just the biseparable entangled state and does not con-
tain the genuine tripartite entanglement [5]. This completes
the proof for the lemma.
VI. Proof of lemma 2 and its application to an N -qubit mixed
state without two-qubit concurrence and n-tangles
In order to prove the lemma 2 presented in the main text,
we first prove the following two lemmas.
Lemma b. In N -qubit pure states, the multipartite entangle-
ment indicator τ (1)SEF (|ψ〉A1N ) is zero if and only if the quantum
state is a bipartite product state in the forms
|ψ〉N = |φ〉A1 ⊗ |φ〉(A1)N−1
|ψ〉N = |φ〉A1Ak ⊗ |φ〉(A1Ak)N−2 , (38)
where A1 and A1Ak are the complementary sets of qubits A1
and A1Ak with k ∈ {2, 3, · · · , n}, respectively.
Proof. We first prove the necessity. When the quantum
state is bipartite separable in the forms shown in Eq. (38),
it is easy to obtain τ (1)SEF (|ψ〉A1N ) = E2f (|ψ〉A1|(A1)N−1) −∑n
k=2 E
2
f (ρA1Ak) = 0 for the two kinds of product states.
We next show the sufficiency. When the entanglement indi-
cator τ (1)SEF (|ψ〉A1N ) is zero, we can obtain that there is at most
one nonzero two-qubit concurrence CA1Ak , which is due to
the monotonic and strictly convex property ofE2f as a function
of squared concurrence C2 (propositions I and II). If two
concurrences are nonzero, the indicator is inevitably nonzero
(similar to the three-qubit case in Eq. 26), which is contradic-
tory to the premise of zero indicator value. In the case of all
two-qubit concurrencesC2A1Ak (k = 2, · · · , n) being zero, we
have the entanglement E2f (A1|A2 · · ·An) = 0 and then the
N -qubit pure state has the form |ψN 〉 = |φ〉A1 ⊗ |φ〉(A1)N−1 .
In the following, we will prove that the N -qubit pure state
has the form |ψN 〉 = |φ〉A1Ak ⊗ |φ〉(A1Ak)N−2 when the in-
dicator is zero with one nonzero concurrence CA1Ak . With-
out loss of generality, we assume that the concurrence CA1A2
is nonzero. In this case, we have Ef (|ψ〉A1|A2···An) =
Ef (ρA1A2) and S(ρA1) = min
∑
i piS(ρ
i
A1
). Due to the
strictly concave property of the von Neumann entropy [3],
we obtain that when ρA1A2 is a mixed state, all its pure state
components |φi〉A1A2 in an arbitrary pure state decomposition
should have the identical reduced state
ρiA1 = ρA1 . (39)
Next, we prove that ρA1A2 cannot be a mixed state. We as-
sume that, in the spectral decomposition, the two-qubit mixed
state can be written as
ρA1A2 =
4∑
i=1
pi|ϕiA1A2〉〈ϕiA1A2 |, (40)
where the reduced state of each orthogonal component has
the same form ρiA1 = trA2 [|ϕiA1A2〉〈ϕiA1A2 |] = ρA1 with
i = 1, 2, 3, 4, respectively. According to the reduction inter-
pretation of ρA1A2 , the mixed state comes from a larger pure
state via the partial trace of environment subsystem. Different
measurement on the environment subsystem results in differ-
ent pure state decomposition. Thus, for the N -qubit pure state
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|ψ〉N , the qubits A3A4 · · ·An are the environment subsystem
and equivalent to two logic qubitsE1E2. The spectral decom-
position of ρA1A2 in Eq. (40) can be obtained by the mea-
surement {|00〉, |01〉, |10〉, |11〉} on logic qubits E1E2, and
the enlarged pure state can be expressed as
|ψ〉A1A2E1E2 =
√
p1|ϕ1A1A2〉|00〉E1E2
+
√
p2|ϕ2A1A2〉|01〉E1E2
+
√
p3|ϕ3A1A2〉|10〉E1E2
+
√
p4|ϕ4A1A2〉|11〉E1E2 . (41)
When we measure the logic qubit E2 on the basis
{|0〉E2 , |1〉E2}, the mixed state of subsystem A1A2E1 can be
written as
ρA1A2E1 = q0|Φ0〉〈Φ0|+ q1|Φ1〉〈Φ1|, (42)
where the probabilities are q0 = p1 + p3 and q1 = p2 + p4,
and two components have the forms
|Φ0〉 = a0|ϕ1A1A2〉|0〉E1 + b0|ϕ3A1A2〉|1〉E1 (43)
|Φ1〉 = a1|ϕ2A1A2〉|0〉E1 + b1|ϕ4A1A2〉|1〉E1 (44)
with a0 =
√
p1/q0, b0 =
√
p3/q0, a1 =
√
p2/q1, and
b1 =
√
p4/q1, respectively. The first component |Φ0〉 is
equivalent to a three-qubit pure state, and, under local unitary
transformation, it can be expressed as [4]
|Φ0〉A1A2E1 = λ0|0¯0¯0¯〉+ λ1eiθ|1¯0¯0¯〉+ λ2|1¯0¯1¯〉
+λ3|1¯1¯0¯〉+ λ4|1¯1¯1¯〉. (45)
When we measure the logic qubit E1 in the basis
{|0¯〉E1 , |1¯〉E1}, the two pure state components of A1A2 are
|ϕ¯1A1A2〉 = λ0|0¯0¯〉+ λ1eiθ|1¯0¯〉+ λ3|1¯1¯〉,
|ϕ¯3A1A2〉 = λ2|1¯0¯〉+ λ4|1¯1¯〉. (46)
Due to the component |ϕ¯3A1A2〉 being a product state, its prob-
ability is zero according to the condition in Eq. (39) which
requires that each component in an arbitrary pure state de-
composition should have the equal entanglement. Therefore,
the three-qubit state |Φ0〉A1A2E1 can be rewritten in the form
|Φ0〉A1A2E1 = |ϕ¯1A1A2〉 ⊗ |0¯〉E1 . (47)
Combining Eqs. (47) and (43), we can obtain that, for the
two components |ϕ1A1A2〉 and |ϕ3A1A2〉 in the spectral decom-
position of ρA1A2 , there exists only one. This is because the
three-qubit state |Φ0〉A1A2E1 is a product state in the partition
A1A2|E1 according to Eq. (47). If both the two components
|ϕ1A1A2〉 and |ϕ3A1A2〉 exist, then the state |Φ0〉A1A2E1 in Eq.(43) will be an entangled state which is contradictory to the
expression in Eq. (47). Without loss of generality, we as-
sume that the component |ϕ1A1A2〉 exists. Similarly, for the
three-qubit state |Φ1〉 in Eq. (44), we can obtain that there is
only one component between |ϕ2A1A2〉 and |ϕ4A1A2〉. Here, we
assume the component |ϕ2A1A2〉 exists. In this case, the two-
qubit state ρA1A2 in Eq. (40) is a rank-2 state, and has at most
two components |ϕ1A1A2〉 and |ϕ2A1A2〉 in its spectral decom-
position. Thus, the four-qubit state in Eq. (41) is equivalent to
a three-qubit state and can be rewritten as
|ψ〉A1A2E =
√
p1|ϕ1A1A2〉|0〉E +
√
p2|ϕ2A1A2〉|1〉E , (48)
where the logic qubitE represents the environment subsystem
A3A4 · · ·An. When the entanglement indicator τ (1)SEF (|ψ〉A1N )
is zero with the nonzero CA1A2 , the quantum state |ψ〉A1A2E
has the following form according to the previous lemma a
|ψ〉A1A2E = |ϕA1A2〉 ⊗ |ϕ〉E . (49)
Note that the forms
|ψ〉A1A2E = |ϕA1〉 ⊗ |ϕA2〉 ⊗ |ϕ〉E
|ψ〉A1A2E = |ϕA1〉 ⊗ |ϕA2E〉
|ψ〉A1A2E = |ϕA1E〉 ⊗ |ϕA2〉 (50)
are excluded since they are contradictory to the condition
that CA1A2 is nonzero. Combining Eqs. (49) and (48), we
can obtain that the two-qubit quantum state ρA1A2 has only
one component in its spectral decomposition, and then it is a
two-qubit pure state |φ〉A1A2 . Therefore, when the indicator
τ
(1)
SEF (|ψ〉A1N ) is zero with a nonzeroCA1A2 , the N -qubit pure
state has the form
|ψ〉N = |φ〉A1A2 ⊗ |φ〉(A1A2)N−2 . (51)
Similarly, when the nonzero concurrence is CA1Ak with k ∈
{2, 3, 4, · · · , n}, we can get the N -qubit pure state
|ψ〉N = |φ〉A1Ak ⊗ |φ〉(A1Ak)N−2 , (52)
which completes the proof of lemma b.
Lemma c. In N -qubit mixed states, the multipartite entan-
glement indicator τ (1)SEF (ρ
A1
N ) is zero if and only if the quan-
tum state is biseparable in the form
ρA1A2···An =
∑
j
p1j · ρjA1 ⊗ ρ
j
(A1)N−1
+
n∑
k=2
∑
j
pkj · ρjA1Ak ⊗ ρ
j
(A1Ak)N−2
,(53)
where A1 and A1Ak are the complementary sets of qubits A1
and A1Ak, respectively.
Proof. In N -qubit mixed states, the multipartite entangle-
ment indicator is defined as
τ
(1)
SEF (ρ
A1
N ) = min
∑
i
pi[E
2
f (|ψi〉A1|(A1)N−1)
−
n∑
k=2
E2f (ρ
i
A1Ak
)], (54)
where the minimum runs over all the pure state decomposition
{pi, |ψiN 〉}. For the biseparable state in Eq. (53), it is easy
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to obtain that the indicator τ (1)SEF (ρ
A1
N ) is zero, which proves
the necessity of the lemma. Next, we consider the sufficiency
of the lemma. When the entanglement indicator τ (1)SEF (ρ
A1
N )
being zero, according to the previous lemma b inN -qubit pure
state, we can obtain that there must exist an optimal pure state
decomposition for ρN in which each pure state component is
bipartite product and has the forms shown in Eq. (38). In the
general case, this kind of N -qubit mixed state can be written
as the form shown in Eq. (53), which completes the proof of
lemma c.
According to lemmas b and c, we can obtain that, when
the indicator τ (1)SEF (ρ
A1
N ) is zero, there is at most two-qubit
entanglement in the partition A1|A2 · · ·An. On the other
hand, whenever the multiqubit entanglement exists in this par-
tition A1|A2 · · ·An, the entanglement indicator τ (1)SEF (ρA1N ) is
surely nonzero.
Now, we prove the lemma 2 in the Letter, which is stated
as:
Lemma 2. In N -qubit mixed states, the multipartite entan-
glement indicator
τ
(1)
SEF (ρN ) = min
∑
j
pj
∑n
l=1 τ
(1)
SEF (|ψj〉AlN )
N
(55)
is zero if and only if the quantum state is (N/2)-separable
in the form ρA1A2···An =
∑n
i1,··· ,in=1
∑
j p
{i1···in}
j ρ
j
Ai1Ai2
⊗
· · · ⊗ ρjAik−1Aik ⊗ · · · ⊗ ρ
j
Ain−1Ain
, which has at most two-
qubit entanglement with the superscript {i1 · · · in} being all
permutations of the N qubits.
Proof. When the N -qubit quantum state is in the form
shown in this lemma, it is easy to obtain that all the indica-
tors τ (1)SEF (|ψj〉AlN )s are zero for l ∈ {1, 2, · · · , n} according
to the lemma b. Thus the multipartite entanglement indica-
tor τ (1)SEF (ρN ) is zero, which proves the necessity of lemma
2. Next, we analyze the sufficiency. When the indicator
τ
(1)
SEF (ρN ) is zero, we can obtain that, for each component
|ψj〉N in the optimal pure state decomposition of ρN , the
qubit Al is entangled with at most one other qubit Ak with
k 6= l. In this case, the pure state component is a tensor prod-
uct state of at most N/2 two-qubit entangled states. Note that
the two-qubit tensor product state |φ〉Al ⊗ |φ〉Ak is a special
form of pure state |φ〉AlAk . After considering all the pure state
components, the N -qubit mixed state can be written in a gen-
eral (N/2)-separable form
ρA1A2···An =
n∑
i1,··· ,in=1
∑
j
p
{i1···in}
j ρ
j
Ai1Ai2
⊗ · · ·
⊗ρjAik−1Aik ⊗ · · · ⊗ ρ
j
Ain−1Ain
, (56)
which only contains two-qubit entanglement with the super-
script {i1 · · · in} being all permutations of the N qubits. This
completes the proof of lemma 2 in the Letter.
According to lemma 2, the indicator τ (1)SEF (ρN ) is surely
nonzero whenever an N -qubit mixed state contains the gen-
uine multiqubit entanglement.
Next, as an application case, we will analyze an N -qubit
mixed state written as [6]
̺A1A2···An = α|1⊗N 〉〈1⊗N |+ (1− α)|WN 〉〈WN |, (57)
where the parameter α = 1/(N +1) and the N -qubitW state
being |WN 〉 = (|10 · · · 0〉+ |01 · · · 0〉+ · · ·+ |00 · · · 1〉)/
√
N .
In Ref. [6], it was pointed out that this quantum state is en-
tangled but without two-qubit concurrence and multiqubit n-
tangles with n = 3, 4, · · · , N , where the n-tangle is a kind of
multipartite entanglement measure based on the monogamy
property of squared concurrence.
To reveal the critical entanglement structure, we will uti-
lize the newly presented multipartite entanglement indicator
τ
(1)
SEF (ρN ) in Eq. (55). Due to the quantum state ̺A1A2···An
being symmetric under qubit permutations, we can get the fol-
lowing relation
τ
(1)
SEF (̺N ) = τ
(1)
SEF (̺
A1
N ) (58)
= min
∑
i
pi[E
2
f (|ψi〉A1|A2···An)−
∑
j 6=1
E2f (ρ
i
A1Aj )],
where the minimum runs over all the pure state decomposi-
tions of ̺A1A2···An . After some analysis, we obtain that the
optimal decomposition is
̺optA1A2···An = p1|φ1N 〉〈φ1N |+ p2|φ2N 〉〈φ2N | (59)
with the two components being |φ1N 〉 = |1⊗N 〉 and |φ2N 〉 =
|WN 〉, which means the decomposition in Eq. (57) is optimal.
Therefore, the entanglement indicator in Eq. (58) is
τ
(1)
SEF (̺N )
= ατ
(1)
SEF (|φ1N 〉) + (1− α)τ (1)SEF (|φ2N 〉)
= (1− α)τ (1)SEF (|WA1N 〉) (60)
=
N
N + 1
[E2f (C
2
A1|A2···An)− (N − 1) · E2f (C2A1A2)],
where we use the symmetry property of |WN 〉, and the two
concurrences are C2A1|A2···An = 4(N − 1)/N2 and C2A1A2 =
4/N2. The indicator is nonzero and detects the existence of
genuine multiqubit entanglement. Since the optimal compo-
nent |WN 〉 is not product under any partition, the multipartite
entanglement is the genuine N -qubit entanglement. In Ta-
ble I, we give the values of multiqubit entanglement indicator
τ
(1)
SEF (̺N ) for the cases N = 3, 4, 7, 10, 20, 30.
N 3 4 7 10 20 30
τ
(1)
SEF (̺N) 0.2992 0.2813 0.0992 0.0401 0.0053 0.0015
TABLE I: The nonzero values of indicator τ (1)SEF (̺N) indi-
cate the existence of genuine N -qubit entanglement with N =
3, 4, 7, 10, 20, 30.
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VII. The calculation of indicator τ (2)SEF (ρ
c1
c1c2r1
) in the dynamics
of cavity-reservoir systems
In the Letter, the multipartite entanglement indicator of the
system c1c2r1 has the form
τ
(2)
SEF (ρ
c1
c1c2r1) = E
2
f (c1|c2r1)−E2f (c1c2)−E2f (c1r1) (61)
which is used to detect the genuine tripartite entanglement in
the dynamical procedure. Here, a crucial point is to calculate
the bipartite entanglement Ef (c1|c2r1), because the subsys-
tem c2r1 is not equivalent to a logic qubit and then the formula
in Eq. (3) of Letter does not work. From the Koashi-Winter
formula [7], this entanglement is related to quantum discord
Ef (c1|c2r1) = D(c1|r2) + S(c1|r2)
= min{Er2
k
}
∑
k
pkS(c1|Er2k ), (62)
where the minimum runs over all the positive operator-valued
measures (POVMs). Chen et al presented an effective method
for calculating the quantum discord and choosing the optimal
measurement [8]. After some analysis, we obtain that the op-
timal measurement is σx, and then the entanglement of for-
mation is
Ef (c1|c2r1) = −ηlog2(η)− (1− η)log2(1− η), (63)
where η = (1 − q)/2 with q = [1 − 4β2ξ2(ξ2 + β2χ2 −
β2ξ2)]1/2. In Fig.2 of the main text, the squared entan-
glements E2f (c1|c2r1), E2f (c1c2) and E2f (c1r1) are plotted
as functions of the time evolution κt and the initial ampli-
tude α, which characterize the bipartite entanglement distri-
bution in the multipartite system. In particular, the indicator
τ
(2)
SEF (ρ
c1
c1c2r1) in the figure detects the genuine tripartite en-
tanglement in the dynamical procedure.
VIII. The indicator τ (2)SEF not being monotonic under local
operations and classical communication
The entanglement indicator τ (2)SEF in Eq. (16) of Letter is
used to detect the multipartite entanglement not stored in two-
qubit pairs. In the following, we will prove that this indicator
is not an entanglement monotone under local operations and
classical communication (LOCC).
As a counter-example, we consider the tripartite entangle-
ment indicator τ (2)SEF (ρc1c1c2r2), in which ρc1c2r2 is the reduced
state of |Φt〉c1c2r1r2 in Eq. (19) of the main text. When the
initial state parameter is chosen as α = 9/10 and the time
evolution is κt = 0.9, the value of the indicator is
τ
(2)
SEF (ρ
c1
c1c2r2) = E
2
f (c1|c2r2)− E2f (c1c2)− E2f (c1r2)
= 0.0925. (64)
It is known that any local protocol can be decomposed
into a sequence of two-outcome POVMs involving only one
party [9]. For the quantum state ρc1c2r2 , we consider a local
POVM performed on the subsystem c1, which has the form [9]
M1 =
(
a 0
0 b
)
,M2 =
( √
1− a2 0
0
√
1− b2
)
, (65)
and satisfies the relation M †1M1 + M
†
2M2 = I . Here we
choose the POVM parameters to be a = 4/5 and b = 3/7,
respectively. After the local operation, the average entangle-
ment indicator is
< τ
(2)
SEF (ρ
c1
c1c2r2) >= p1τ
(2)
SEF (ρ1) + p2τ
(2)
SEF (ρ2)
= 0.6047× 0.0157 + 0.3953× 0.2376
= 0.1034, (66)
where ρi =Miρc1c2r2M
†
i /pi with pi = tr[Miρc1c2r2M
†
i ] and
i ∈ {1, 2}, respectively. By a direct comparison, we have
< τ
(2)
SEF (ρ
c1
c1c2r2) > −τ
(2)
SEF (ρ
c1
c1c2r2)
= 0.1034− 0.0925
= 0.0109, (67)
which means that the indicator τ (2)SEF (ρc1c1c2r2) can increase
under the LOCC. Therefore, we obtain that the multipartite
entanglement indicator τ (2)SEF in Eq. (16) of Letter is not an
entanglement monotone.
Finally, we want to point out that τ (2)SEF is still an effective
indicator for multipartite entanglement. The situation is simi-
lar to that of residual tangle for the squared concurrence which
is also increasing under the LOCC [10] but can be served as a
quantifier for multipartite entanglement [11].
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